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1. (25%) Let X; follow a Gamma distribution with parameters 1; and A for i = 1,2. Thatis, the
probability density function of X; is given by
fxin,A) = F()T:—J(hXi)"f‘lexp(—}\Xi), y>0,i=12
L
where I'(.) denotes the Gamma function. We assume that X; and X, are independent. Let ¥; =
X,/(X; + X5) and Y, = (X, + X;). Please provide a detailed derivation and explanation for the
following problems.
(a) (10%) Find the probability density function of Y;
(b) (10%) Find the moment generating function of Y,

(c) (5%) Use (b) to find the mean of Y5.

2. (25%) Please verify your answer clearly.
(2) (15%) State and prove the Central Limit Theorem. (CLT).
(b) ( 10%) Suppose that X;,---, X, are independent and identically distributed random variables, and that
E(XT) = u, < 0,7 = 1,2,3,4. Use the CLT to derive the limiting distribution of
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3.(28%) Let Xy,--, X, be arandom sample from the density
2
fOs6) = 00 (%)

where 6 > 0 and I (x) denotes the indicator function, which equals 1if 0 <x <& and 0
otherwise. Please provide a detailed derivation and explanation for the following problems.

(a) (6%) Find the maximum likelihood estimator (M.L.E) of 6.

(b} (6%) Determine whether the M.L.E obtained in (a) is a sufficient statistic for 8.

(c) (8%) Determine whether the M.L.E obtained in (a) is a complete statistic for 6.

(d) (8%) Find the uniformly minimum variance unbiased estimator (U MV.UE)of &

4.(22%) Let Xq,--, X, be a sample from a normal distribution with unknown mean ¢ and unknown
variance o?. Please provide a detailed derivation and explanation for the following problems.
(a) (15%) Derive the likelihood ratio test of size & for testing Ho: 4t = to against Hy:p # o where g
is a given number.
(b) (7%) Find a2 100(1 — )% confidence interval of a?,




