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1. Let P be the set of polynomials with real coefficients of degree less than or equal to 2.
Define a transformation T : P, — P, as

T{a+ fz+y2*) = 2a+ B+7) + 2o+ —27)c — (@ +2)2®  for any o, 8,7 €R

(a) (8 points) Is 1" a linear transformation? Is T an isomorphism?
(b) (8 points) Find the matrix of T" relative to the basis B = {1 — 22,1 + z, 22 + 2?}.
(¢) (8 points) Find the eigenspaces for T

2. Let matrix A be

Let VV = R3. We define the map #: V x V= R by u*v =u"Av for all u,v € V.

(a) (8 points) Prove that  is an inner product on V .

{b) (8 points) Use the inner product from above and the Gram-Schmidt orthogonalization
process to find an orthonormal basis for V.

3. (12 points) Find the general solution to the system of ordinary differential equations

du

dt

O =N

O B3 e

[N
=4

where u = [u;, us, ug)”.
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4. (12 points) Let A be the matrix
A=|-4 -3

Evaluate 44% — 549 — 5043 — 764% — 104 + 501.

5. Let A, B, and C represent three real m x n matrices, where A and B he symmetric
positive definite (spd) and C be invertible. Prove that each of the following is spd. (A real
symmetric matrix A is positive definite if and only if 27 Az > 0 for all real n-dimensional
vectors z # 0. or equivalently, if all its eigenvalues are real and positive.)

(a) (4 points) A~!

(b) (4 points) A+ B

(c) (4 points) CTAC

(d) (4 points) A1 — (A + B)™!

6. Prove or disprove the following statement.

(a) (5 points) All eigenvalues of a nilpotent matrix are zero. (A square matrix NV is called
nilpotent if N™ = () for some positive integer m).

(b) (5 points) Let A and B be 2 x 2 real matrices. Then AB = O implies A = O or
B = O, where O is the zero matrix.

(¢) (5 points) Let A be an m x n matrix with linearly independent columns. Then AA”
is an invertible matrix.

(d) (5 points) Let w be a vector in R™ of length 1, the H = I — 2ww” is a projection
matrix.




