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1. Let 4 be the matrix
2 9
A=|[2 =1 4
{a) (10 points) Find the cigenvalues (and their algebraic and peometric multiplicities) and their
eigenspaces.

{(b) (5 points) Find A”, where n is a positive integer.

2. Define linear transformation S € L(R?*) by S : (wy, w2, wa, wy)? — (0, w + wy, wa, wy)? .
{a) (10 points) Determine the minimal polynomial of S
(b) (5 points) Determine the characteristic polynomial of §

{c) (5 points) Determine the Jordan form of S

3. Let P3 be tho space of all real polynomials of degree at most 3. Equip P with the inner product
(f.9) = [2; F()g(t)dr.

(a) (10 points) Apply the Gram-Schmidt process to the basis B = (1,2, 2%, 2%).

{(b) (5 points) Find the orthogonal complement of the subspace of scalar polynomials.

4. Let L be the linear operator on P> (the space of all real polynomials of degree at most 2), defined by
L{p(x)) =ap'(a) +p"(2)
{8) (5 points) Find the matrix A representing L with respect to the basis % = (1,2, 22).
(b} (5 points) Find the matrix B representing L with respect to the basis B’ = {1,2,1 + 2?),
{c) (5 points) Find a matrix S such that B = S7!AS.

(d) (5 points) If p(z) = ag + a1z + as(1 + 27), calculate L” (p(z)).
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5. (10 points) An n x n matrix A is Hermitian if A = A*, where A” is the conjugate transpose of A. It
is unitary if AA* = I,, where I, is the identity matrix. Let A and B be n X i Hermitian matrices over
€. If A is positive definite, i.e. all eigenvalues of A are positive, show that there exists an invertible
matrix P such that P*AP = I, and P*BP is diagonal.

6. Prove that the following is true or provide a counterexample if it is false.

(a) (5 points) Let T : V — W be a linear transformation. Assume that dimV =n, dimW =m and
n < m. Then T is onto.

(b) (5 points) Let A denote a real n x n symmetric matrix. Then there exists a real symmetric matrix
B such that A = B2

(c) (5 points) If A and B are Hermitian matrices, then so is AB.

(d) (5 points) Let 4 and B be invertible n X n matrices. Then, if A+ B is invertible, we have A-14+B-1
is invertible.




