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1. (10 pts) Evaluate the following limits
& % x
. (5 pts) lim = ( - -2).
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b. (5 pts) lim —
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2. (10 pts) Let
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a. (2 pts) Use the definition of derivative to evaluate f'(0).
b. (5 pts) Show that f has derivatives of all orders that are defined on R.

c. (3 pts) Show that f(z) is not an analytic function on R.

3. (10 pts) Let n > 2 be positive integer, and f(z) =[] be the floor function.
a. (5 pts) Show that
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M, if n is odd
P rd — n!

/0 sin” zdz = nlr
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if n is even

0
b. (5 pts) Find the exact length of the polar curve r = sin™ (—) for n € N.
n

4. (10 pts) Evaluate the following integrals
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5. (10 pts)

a. (5 pts) Find the Maclaurin series for the function f(z) = In(z + vz2 + 1).

b. (5 pts) Determine the interval of convergence for the above series.

6. (10 pts) A plane curve is parametrized by r(t) = (cost+tsint,sint—tcost), t > 0.

a. (6 pts) Compute the unit tangent vector T(t), the unit normal vector N(t),
and the curvature k().

1
b. (4 pts) Show that all centers of osculating circles, r(t) + _EN(t)’ lie on a
K

circle.
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7. (10 pts) Let f(z,y) = [sin(z? + y?)]*77.

a. (5 pts) Show that f has the same limiting value along every line through
the origin.

b. (5 pts) Does lim  f(z,y) exist? If so, find the limit.
(z,)—(0,0)

8. (10 pts)

a. (6 pts) Let & > 0. Find the minimum f(z,y) = azy where z,y > 0, subject
to the constraint z* — 2%y? 4+ 4% = 0.
- 2

b. (4 pts) Find the equation of the ellipse :c_2 + %2 =1, a,b > 0 encloses the
a
circle 22 + y? = 2y with minimal area.

9. (10 pts)

oo

a. (5 pts) Evaluate the integral/ e~ dz.

-0

b. (5 pts) Show that the double integral

-y ﬂ-ﬁ
drdy = .
//1+:c+y =

(Hint: Evaluate the improper integral by integrating over the square
Se={(z,y) | —a <z < a,—a <y < a} and taking the limit as a — o00.)

10. (10 pts) Is there a simple closed curve C in the zy-plane which maximizes the
integral @ y*dz + (3z — z°)dy? If so, find the equation of the curve and the

c
maximum value of the integral.




