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There are five problems with 100 points. Show your work for partial credits.

Notations: Let R be the field of real numbers; R™ the vector space of dimension n over

R and R™*" the family of all m x n matrices over R.

1 3 0 -1 2
-2 4 -2 0
1. (30 pts) Let A = ’
3 11 —4 -1 6
2 5 3 40

(a). Find the reduced row echelon form which is row equivalent to A. (lo pks)

(b). According to (a), find bases for the row space and column space of A, respectively. (5 Pti)

(5 pks)
(d). Let the vector space R'*® be endowed with the standard inner product.
(lo pks)

. (10 pts) If A € R®*® satisfies A* = O # A?, where O € R**® is the zero matrix, show that

(c). Find a basis for the null space of A.
Find an orthonormal basis for the row space of A.

there is an invertible P € R3¥*3 such that P~ - A - P is an upper triangular matrix.

. (10 pts) Suppose that P € R™*™ and @ € R™™ are two matrices. Prove that the nonzero

Q
P E

eigenvalues of P - () are the same as those of @ - P.

A

. (20 pts) Let @ € R, @, ¥ € R™! and A € R™*™ be invertible. Define B = -

v

(a). Show that if & # ¢T A~1 4, then B is invertible. (1o pks)

(b). If & = #7 A1 &, then BZ = 0 has nontrivial solutions. ( (o pX's")

. (3 pts) (a). What is the definition of ¢r(A), the trace of a square matrix A7

(6 pts) (b). If A and B are both n x n real matrices, prove that tr(AB) = tr(BA).
4 1

(6 pts) (c). Find the trace of I+ A+ A? +--- + A for A = ;

15 pts) Prove or disprove the following statements.
a). If A € R™" then the null space of A is the same as the null space of AT - A. (5 PxS)
b).

(c). If A, B € R™*" such that A- B = O, where O € R™" is the zero matrix, then
rank(A4) + rank(B) < n. (5 PXs)
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If A€ R™ " then the row space of A is the same as the row space of AT - A. (5?"3737




