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There are 7 problems with 100 points. Show all your work for partial credits.

1. (10 pts.) Apply Gaussian elimination and back-substitution to solve the following

linear system, and give the geometric description of the solution.

x+y+z=2
x+2y+z=3
2x+3y+2z=5

2. (10 pts.) Prove that rank(AB) < rank(A) and renk(AB) < rank(B).

3. (I0pts.) LetA= [3 I - 1], and let V be the nullspace of A.

(1) Find orthonormal bases for Vand V* respectively.
(2) Find the projection matrix P, that projects vectors in R’onto V™. And, find the

- : . : 3
projection matrix £, that projects vectorsin R onto V.

4. (10 pts.) Let V be the vector space of all continuous real-valued functions defined

on the closed interval [0,1].

1
(1) Verify that <f g> = L f(t)g)dt for f,g e V defines an inner product on V.

(2) Prove that T:V — V definedby T'(f(x)) = J‘:f(t)dl for 0 < x<1 isalinear

transformation. Is T one-to-one? Why?

5. (25 pts.)
0 0 0 2
- . ‘ 0 0 i 0
(1) Find the eigenvalues of matrix A = !
01 0 0
Ll 0 0 O

(2) Find all the eigenvectors of A. Are there 4 independent eigenvectors? Are there 4
orthonormal eigenvectors?
(3) Find the rank and determinant of A+ 2/ ?

(4) Create a nonsymmetric matrix (if possible) with eigenvalues 1, 2 and 4. Can you

create a rank one matrix with those eigenvalues? Explain your answer.

(5) Create a symmetric matrix (not diagonal) with eigenvalues 1, 2 and 4.
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