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NOTATION: In this test, all vector spaces are over R. For a matrix A € M,,,,,,,, let Ly:R" - R™
denote left-multiplication transformation. Let R(L4) denotes the range of L, and N(A) denote

the null space of L.

1. Let the matrix A be

4-4 4 0
1 3 4 52
A= :
8§ 2 10 0 2
6 2 8 00

(a) Compute the reduced row echelon form of matrix A. (10pts)

(b) From the answer of part (a), find a basis of N(L,) and a basis of R(L,4). (10pts)

2. Let the matrix A be

3 1 1
B={2 4 2|
=1 =1

Determine whether B is diagonalizable. If B is diagonalizable, find an invertible matrix P and
a diagonal matrix D such that B=FDP~!. (20pts)

3. Let Ae M, (R).

(a) Show that rank(A” A) = rank(A). (10pts)

(b) Let the column vector v € R™. If rank(A) = n, find a vector w in R(L4) which is the

projection of v onto R(L4). Note that w € R(L, ) is the projection of v if v L (v —w). (10pts)

4. Let V) and V, be subspaces of a vector space V having dimensions 1, and , respectively,

where 11, > ny. Let 1 be the dimension of V.
(a) Prove that dim{V; N V1) < ny. (6pts)
(b) Prove that dim(V; + V5) < ny +n,. (6pts)

(¢) Prove that dim(V, N V,) = a1 + 1, — 1. (8pts)

(a) Determine all possible value for det(A) when A is an orthogonal matrix. (1 Opts)

(b) Prove that if A € M,,,,, is skew-symmetric and # is odd, then A is not invertible. Give a

counterexample when n is even. (10pts)




