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Attentions!! In the following problems, R denotes the field of real
numbers, and Z; = {0, 1} denotes the prime field of characteristic 2.

(1) Let V be an R-vector space. Let U and W be subspaces of V.
Show that U U W is a subspace of V if and only if U C W
or W C U. (15 points) Is this assertion still true when V is a
Zgy-vector space instead? (5 points)

(2) Let Py be the R-vector space of polynomials of degree < 4 which
have coefficients in R.
(a) Find the dimension of

W=Span(1+2° 1+z+2° 14z + ).
(10 points)
(b) Suppose U is a subspace of Py such that 7 + W = P,.
What 1s the least possible dimension for U? (10 points)
(3) Let A be a square matrix with entries in R. Suppose the char-
acteristic polynomial of A is (A — 1)3(A — 2)3. If in addition we
know that

A'— AP _TA’ 4+ 13A—-61=0 and A?—34+2+£0.
Give the Jordan form of A. (20 points)
(4) Let V be a complex inner product space with the inner product
(—, —). Show that
o+ wl? + flv — wl® = 2jol|* + 2]|w||?.

(15 points)

(5) Suppose A is a square matrix with entries in R such that A2
has a positive eigenvalue. Show that A has at least one real
eigenvalue. (25 points)




